We prove a spatial isomorphism between two spaces of matrix valued truncated Toeplitz operators.
Introduction
Toeplitz operators are compressions of the multiplication operators on L 2 (T) to its closed subspace H 2 . In the canonical basis of H 2 , the matrix of a Toeplitz operator has constant entries on diagonals parallel to the main diagonal.
In 2007, Donald Sarason has introduced the truncated Toeplitz operators (see [6] ), which have attracted so much attention in the last decade. Truncated Toeplitz operators are compressions of multiplication operators to certain subspaces of the Hardy-Hilbert space called model spaces, which are invariant under the backward shift operator.
For E a d-dimensional Hilbert space and a matrix valued inner function Θ, it makes sense to consider S * -invariant subspaces in H 2 (E) These spaces, denoted K Θ = H 2 (E)⊖ΘH 2 (E), are called vector valued model spaces. In the paper [5] , we have developed the theory of matrix valued truncated Toeplitz operators, which are compressions of multiplication operator on K Θ .
The purpose of this note is to prove a natural spatial isomorphism between two spaces of matrix valued truncated Toeplitz operators. This completes the results of [5] .
The Poisson integral formula can be used to provide the analytic extension of a function in H 2 (E). It follows that f (z) and f (e it ) determine each other. L 2 (L(E)) is the space of square summable Fourier series with coefficients in L(E). The space H 2 (L(E)) is a closed subspace of L 2 (L(E)) whose Fourier coefficients corresponding to negative indices vanishes. The space of bounded operator valued function in H 2 (L(E)) is denoted by H ∞ (L(E)).
The unilateral shift S :
is defined by Sf = zf , and its adjoint S * (backward shift) is given by the formula;
An inner function is an element Θ ∈ H ∞ (L(E)) whose boundary values are almost everywhere unitary operators in L(E).
To each non-constant inner function Θ, there corresponds a model space K Θ defined by
This terminology stems from the important role that K Θ plays in the model theory of Hilbert space contractions. Just like the Beurling-type subspace ΘH 2 (E) constitute nontrivial invariant subspace for the unilateral shift S, the subspace K Θ plays an analogous role for the backward shift S * . Let P Θ denote the orthogonal projection of H 2 (E) on the S * -invariant subspace K Θ . We then define the operator
is an inner function, we define the new function by Θ(z) = Θ(z) * , then Θ is also an inner function, and the corresponding model space is denoted by K Θ .
1)
is unitary and τ (K Θ ) = K Θ .
The operator τ plays an important role in computations related to K Θ . For instance, it is used in the proof of the next result.
Theorem 2 (see [3] ). The operator S Θ and S * Θ are unitarily equivalent. For further use we note that the adjoint of τ is given by
and satisfies τ P Θ = P Θ τ . 
For a fixed inner function Θ and Φ ∈ L 2 (L(E)), the corresponding matrix valued truncated Toeplitz operator A Φ : K Θ −→ K Θ is the densely defined operator on K ∞ Θ = H ∞ ∩K Θ which acts by the formula
The function Φ here is called the symbol of A Φ . The spaces of matrix valued truncated Toeplitz operators on K Θ and K Θ are denoted by T Θ and T Θ respectively. For the inner functions Θ 1 and Θ 2 , we say that I Θ1 and T Θ2 are spatially isomorphic if there is a unitary operator τ :
In [5] (see Theorem 4.2.1) a characterization of matrix valued truncated Toeplitz operators (MTTOs) by shift invariance is obtained. For a bounded operator on K Θ we say that 
Main Result
Our main result shows that the unitary τ also implements a spatial isomorphism between the corresponding spaces of matrix valued truncated Toeplitz operators.
Theorem 5. (Spatial Isomorphism Theorem) T Θ and T Θ are spatially isomorphic, that is there exist a unitary operator τ :
For the other inclusion, let f ∈ D ⊥ * then we have S Θ f = zf and zf ∈ D ⊥ . It follows that S * Θ S Θ f = f . Now for Ψ ∈ L 2 (L(E)), consider A Ψ ∈ T Θ , then τ * A Ψ τ ∈ τ * T Θ τ and using the fact τ S Θ = S * Θ τ we have S Θ τ = τ S * Θ .
It follows that τ * T Θ τ ⊂ T Θ . Therefore the equality follows from the two inclusions.
